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ABSTRACT 

Pujol, Santiago Ph.D., Purdue University, August 2002.  Drift Capacity of Reinforced 
Concrete Columns Subjected to Displacement Reversals.  Major Professors: Julio A. 
Ramirez and Mete A. Sozen. 

 

In previous tests of columns under displacement reversals in the inelastic range of 

response, different arbitrary displacement histories have been used.  Comparisons of 

drift-capacity data from columns tested under different displacement histories can only be 

made if displacement-history effects are ignored.  Possibly because of this reason, 

currently available methods for column drift capacity ignore displacement-history effects.  

To investigate whether drift capacity is a function of displacement history, sixteen 

cantilever columns were tested under various displacement patterns.  The test results 

indicate that column drift capacity is sensitive to displacement history.  For columns 

cycled beyond yield, drift capacity decreases as a function of the amplitude and number 

of cycles the column has experienced.  Based on measurements of average unit strains in 

the transverse reinforcement, a model is proposed for estimating the drift capacity for a 

given column under any symmetric displacement pattern. 
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1 INTRODUCTION 

1.1 Background 

The essential requirement for a reinforced concrete column of a structure to resist 

strong ground motion is that it retains a substantial portion of its strength as it 

experiences displacement reversals in the nonlinear range of response.  This study 

addresses the problem of estimating column deformation capacity considering possible 

displacement-history effects. 

1.2 Previous Investigations 

There is abundant information on the behavior of reinforced concrete columns 

under displacement reversals (Taylor et al., 1993 and 1997; Eberhard, 2000).  Several 

studies have been focused on the possible effects of displacement history.  Blume et al. 

(1961) recognized that for elements of reinforced concrete buildings “only a few yield 

excursions are expected to occur in one earthquake even of long duration.”  For this 

reason, and referring to results of tests of beams subjected to one inelastic displacement 

reversal, it was suggested that the effect of displacement reversals on the drift capacity of 

a reinforced concrete member can be generally ignored in design of buildings for 

earthquakes.  But in the 1970s, experimental results (Wight and Sozen, 1973) indicated 

that repeated displacement reversals may cause a severe reduction in column stiffness.  

Many studies that followed led to similar results, but just a few of these studies addressed 

the problem of possible displacement-history effects.  Murakami and Imai (1986) tested 

four similar columns under constant axial load and different displacement histories and 

observed a more rapid reduction in column stiffness for displacement histories with larger 

numbers of cycles per displacement increment.  In these columns, the maximum nominal 

unit shear stress (ratio of shear force to the product of cross-sectional width times 
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effective depth) was of the order of 3 cf ′  , where f’c is the compressive strength of the 

concrete and all unit stresses are expressed in psi.  The failure process of these columns 

was dominated by buckling of the longitudinal reinforcement under compression.  

Iwasaki et al. (1987) tested 7 reinforced concrete members with varying aspect ratios 

under displacement histories with 3 to 10 cycles per displacement increment.  The 

columns with higher maximum nominal unit shear stresses (of the order of 4 cf ′ ) 

showed a more rapid decrease in stiffness and increase in transverse reinforcement unit 

strains for larger number of cycles per displacement increment.  Park (1989) 

recommended a procedure for testing reinforced concrete columns under displacement 

reversals to assess drift capacity based on results from analytical studies (Mahin and 

Bertero, 1981) on the response of nonlinear SDOF systems to strong ground motion.  

Park proposed that the drift capacity, ∆max, of a column tested under any given 

symmetric displacement schedule be determined by the expression 

 

 
=

=
n

i
imax

14
1 ∆∆  (1.2-1) 

where 

∆i  : maximum drift for displacement cycle i,  

n  : number of cycles applied prior to a decrease in strength of more than 

20%. 

El-Bahy et al. (1999) tested relatively slender columns (ratio of shear span to 

diameter of 4.5) with circular cross-sections under displacement cycles of constant 

amplitude.  The failure modes observed were dominated by buckling and fracture of 

longitudinal reinforcement.  The total number of cycles of constant amplitude that a 

column could sustain before failure was observed to decrease with increasing cycle 

amplitude.  Ingham et al. (2001) tested beams under low maximum nominal unit shear 

stresses (less than 2 cf ′ ) and different displacement schedules and observed the 

maximum drift reached before strength decay to decrease with increasing number of 

cycles per displacement increment. 
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Possibly because of the scarcity of relevant data, current analytical models for the 

drift capacity of reinforced concrete columns whose responses may be expected to be 

dominated by shear effects (Aoyama, 1993; Moehle et al. 2000, Priestley et al. 1994; 

FEMA 273, 1997; Aschheim, 2000) ignore possible displacement-history effects. 

1.3 Objective and Scope 

The objective of the study described in this report is to determine whether the 

displacement history has an effect on the drift capacity of a reinforced concrete column 

under displacement reversals in the inelastic range of response.  Columns susceptible to 

shear or bond failures before reaching the full flexural capacity are not considered.  

Special attention is given to columns under relatively high nominal shear stresses (large 

enough to cause inclined cracking before yielding of the longitudinal reinforcement). 

This study and its results are limited to the following cases: 

1) Drift cycles occur primarily in the plane defined by one of the principal axes 

of the cross section. 

2) The drift capacity is not less than the drift at yield. 

3) The maximum shear exceeds the shear at inclined cracking. 

4) The “static” shear capacity is not less than the shear at yield. 

5) The column core is effectively confined by transverse reinforcement. 

6) Longitudinal reinforcement is restrained against buckling by transverse 

reinforcement. 

The variables considered are: 

 Maximum nominal unit shear stress V / ( b d cf ′ ): 6 to 8 (unit stresses in psi) 

 Maximum core unit shear stress, V / ( Ac cf ′ ): 10 to 13 (unit stresses in psi) 

 Axial load (kept constant in each test), P : 0.08 to 0.21 f’c Ag (30-60 kips) 

 Transverse reinforcement ratio, Aw / ( b s ) : 0.6% to 1.1% 

 Nominal unit transverse stress, Aw fyw / ( bc s ) : 500 to 1000 psi 

 Maximum drift ratio –ratio of displacement to shear span–, γmax : 3%-4% 
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The constants are as follows: 

 Concrete compressive strength, f’c : 4.1 to 5.2 ksi 

 Longitudinal reinforcement unit yield stress, fy : 65.7 ksi 

 Longitudinal reinforcement ratio, ρ=: 2.4% 

 Ratio of shear span a, to effective depth d : 2.7 

 Ratio of gross cross-sectional area Ag, to core area Ac : 2.0 

where 

V  : maximum shear force, 

b  : cross-sectional width,  

d  : effective depth,  

Aw  : total cross-sectional area in a layer of transverse reinforcement, 

fyw  : transverse reinforcement unit yield stress, 

bc  : concrete core cross-sectional width (measured center-to-center of 

exterior transverse reinforcement), 

Ac  : concrete core cross-sectional area (measured center-to-center of 

exterior transverse reinforcement), 

s  : hoop spacing. 

1.4 Preliminary Criterion for Classification of Available Data 

At the beginning of the investigation that includes this study, available data from 

different investigations were classified using the criterion that is described next (Pujol et 

al., 2000).  In the formulation developed, the failure criterion proposed by Coulomb 

(1773) for materials under shear ( τ ) and unit normal stresses ( σ ) acting in one plane is 

used to estimate the strength of the concrete in the core of a column under displacement 

reversals.  The average state of stresses in the column core is represented using a Mohr 

circle for average unit stresses (Figure 1.4-1).  The average unit axial stress is taken as: 

 

 
cc

ys
a bh

fAP

⋅

+
= 2

1

σ  (1.4-1) 
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Average unit transverse stresses are computed based on the properties of the 

transverse reinforcement: 

 
c

yww
t bs

fA
⋅

=σ  (1.4-2) 

Unit shear stresses are computed as: 

 
cc bh

V
⋅

=τ  (1.4-3) 

where 

P  : axial load, 

As  : total cross-sectional area of longitudinal reinforcement, 

fy  : longitudinal reinforcement unit yield stress, 

hc  : concrete core depth (measured center-to-center of the transverse 

reinforcement), 

bc  : concrete core width (measured center-to-center of the transverse 

reinforcement), 

V  : maximum shear force, 

s  : hoop spacing, 

Aw  : transverse reinforcement total cross-sectional area, 

fyw  : transverse reinforcement unit yield stress. 

Failure is assumed to occur when the Mohr circle for average unit stresses 

intersects the line described by the expression: 

 

 στ ⋅+′⋅= 21 kfk c  (1.4-4) 

 

where f’c is the compressive strength of the concrete. 

The initial values of coefficients k1 and k2 are defined, based on the work by 

Richart (1929), as k1 = 1/4 and k2 =3/4.  It is assumed that the strength of the concrete in 

the core of the column decreases with increasing number of displacement cycles of large 

amplitude and that this reduction in strength can be modeled by reducing coefficient k1.  
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Because of the lack of relevant information, the assumed reduction in k1 was calibrated 

ignoring possible displacement-history effects. The reduction in k1 was calibrated with 

respect to drift ratio capacity (the maximum drift ratio –ratio of displacement to shear 

span– reached before a reduction in strength exceeding 20%) and the ratio of shear span 

to effective depth ( λ=).  Data reported by Ohue et al. (1985), Ono et al. (1989), 

Saatcioglu and Ozcebe (1989), Sakai et al. (1990), Wight (1973), and Xiao and 

Martirossyan (1998) were organized as shown in Figure 1.4-2 to allow selection of the 

rate at which k1 is assumed to decrease with increasing maximum displacement: 

 

 0
3

1001
7
1

1 ≥��
�

� −=
λ

γmaxk  (1.4-5) 

 

Table 1.4-1 and Figures 1.4-3 to 1.4-5 show relevant properties of the specimens 

considered.  The ranges of the data in Figure 1.4-2 are: 

 Concrete compressive strength, f’c : 3,700 to 14,000 psi 

 Longitudinal reinforcement unit yield stress, fy : 49,000 to 74,000 psi 

 Longitudinal reinforcement ratio, ρ=: 2% to 3.6% 

 Nominal core unit shear stress, V / ( Ac cf ′ ): 6 to 13 (unit stresses in psi) 

 Axial load, P : 0.07 to 0.35 f’c Ag. 

 Nominal unit transverse stress, Aw fyw / ( bc s ) : 240 to 1,400 psi 

 Ratio of shear span a, to effective depth d : 1.9 to 3.5 

 Ratio of gross cross-sectional area Ag, to core area Ac : 1.3 to 2.0 

 Maximum drift ratio, γmax = ∆max / a : 1 to 9% 

where 

V  : maximum shear force, 

Aw  : total cross-sectional area in a layer of transverse reinforcement, 

fyw  : transverse reinforcement unit yield stress, 

bc  : width of the concrete core measured center-to-center of exterior 

transverse reinforcement, 
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Ac  : cross-sectional area of the concrete core measured center-to-center of 

exterior transverse reinforcement, 

s  : hoop spacing. 

∆max : maximum drift reached before a reduction in strength exceeding 20%. 

Failure, i.e., intersection between the reduced strength line and the Mohr circle for 

average unit stresses, requires: 

 

 22
8
51

8
3 βαα

σ
σ −−+=

a
t  (1.4-6) 

 

where 34 1 +
′⋅=

a
cfk

σ
α  and 

aσ
τβ 4= . 

σa  : average unit axial stress, 

σt  : average unit transverse stress, 

τ  : average unit shear stress, 

k1 : parameter that represents the strength of the concrete in the column 

core.  It is defined in Figure 1.4-1.  Coefficient k1 is assumed to 

decrease with displacements reversals as indicated by Equation 1.4-5. 

f’c : concrete compressive strength. 

These expressions can be used either to determine the amount of transverse 

reinforcement required for columns to resist cycles of displacement of known amplitude 

or to evaluate the deformation capacity of existing columns. 

The experiments carried out as part of this investigation were designed to test the 

hypothesis, implicit in this and other available analytical models (Aoyama, 1993; Moehle 

et al. 2000, Priestley et al. 1994; FEMA 273, 1997; Aschheim, 1997), that column drift 

capacity is independent of displacement history. 
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2 EXPERIMENTS 

2.1 Introduction 

The experimental program included a total of eight test assemblies.  An assembly 

consisted of two test specimens joined by a center stub.  Each specimen was intended to 

represent a cantilever column under axial load and a point transverse load applied at its 

end.  The center stub was intended to act as the base of the cantilevers (Figure 2.1-1). 

The cross section of the specimens was 6-in. wide and 12-in. deep and the shear 

span (a; distance from the support point to the nearest face of the center stub) was 27 in.  

The effective depth ( d ) was 10 in., for a shear span to effective depth ratio ( a/d ) of 2.7.  

The longitudinal reinforcement consisted of four continuous ¾-in. diameter bars with an 

average unit yield stress of 65.7 ksi.  Transverse reinforcement outside the center stub 

consisted of hoops made from plain ¼-in diameter bars with an average unit yield stress 

of 59.6 ksi.  Average concrete strength ranged from 4100 to 5200 psi.  Details about the 

dimensions of the specimens and the properties of the materials used are given in the 

Appendix. 

The variables controlled in the experiments were the spacing of the hoops outside 

the center stub, the axial load, and the displacement history.  The spacing of the hoops 

outside the joint was either 1½, 2¼ or 3 inches.  The axial load was either 30 or 60 kips. 

The complete experimental program, including the displacement history for each test 

assembly described in terms of maximum drift ratio, is presented in Table 2.1-1.  Relative 

rotation, or drift ratio, is defined in Figure A.4.2-2.  The rotation of only one of the two 

specimens per test assembly could be controlled.  As the tests progressed, damage, 

stiffness reduction, and rotation concentrated in one of the two cantilevers per test 

assembly.  The displacement at mid-span was controlled so that the larger of the two 

specimen rotations did not exceed the target maximum drift ratio.  Relative-rotation 
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targets were 1, 2, 3, and 4%.  All tests were carried out until a reduction in lateral 

stiffness of 50 % or more was observed. 

All assemblies are designated using three numerals.  The first numeral indicates 

the level of axial load as a percentage of the product f’c·Ag (where f’c is the compressive 

strength of the concrete and Ag is the gross cross-sectional area).  The second numeral 

indicates the maximum drift ratio to be reached during the initial displacement cycles.  

The last numeral is the hoop spacing in inches. 

As described in the Appendix, the measurements taken during the tests included: 

- transverse and axial load, 

- deflections, 

- rotations, 

- unit strains in the transverse and longitudinal reinforcement, 

- deformations of the concrete surface, 

- and crack widths. 

Electronic Whittemore gages were used to measure the changes in distance 

between steel discs epoxy-glued to the concrete surface on the west side of each test 

assembly.  The measurements made and the array of reference points are shown in Figure 

A.4.2-5.  Reference to these measurements will be made using the labels shown in Figure 

2.1-2. 

Additional information on the experimental program is given in the Appendix. 

2.2 Observed Shear-Drift Ratio Response 

Figures 2.2-1 to 2.2-16 show the shear-drift ratio curves recorded.  Drift ratio is 

defined in Figure A.4.2-2.  Positive loads and rotations correspond to downward 

deflections (see the Appendix for a description of the loading frame). 

All specimens developed inclined cracks before yielding of the longitudinal 

reinforcement.  All specimens reached their full flexural capacity and inelastic 

deformations. 
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2.2.1 First Displacement Cycle 

The behavior of all specimens during the first displacement cycle was similar.  

Under positive loads, cracks perpendicular to the column axis were first observed at a 

shear force of about 5.5 to 6.5 kips for the specimens with a 30-kip axial load.  For the 

specimens under a 60-kip axial load, first cracking was observed at approximately 10.5 

kips.  Flexural cracks started to deviate from the vertical at shear forces of about 20 to 22 

kips for specimens with a 30-kip axial load.  Flexural cracks started to deviate from the 

vertical at 27 kips for specimens 20-3-1½ and at 30 kips for specimens 20-3-3.  Yielding 

was reached consistently at a drift ratio of approximately 1% (see Figures 2.2-1 to 2.2-

16).  At that point, light spalling of the concrete under compression was already visible 

(Figure 2.2.1-1).  Specimens with a higher axial load showed concrete spalling over a 

larger area (Figure 2.2.1-2). 

Under negative (upward) loads, small inclined cracks formed in between cracks 

from the previous half displacement cycle in specimens 10-3-1½, 10-3-3, 10-3-2¼ and 

10-2-2¼ at shear forces ranging from 5 to 6.5 kips.  In the other specimens under a 30-kip 

axial load, flexure-shear cracks started to develop at shear forces ranging from 9 to 10 

kips.  Specimens 20-3-3 developed small inclined cracks between existing cracks at a 

shear force of 10 kip.  Flexure cracks were observed to deviate from the vertical at 13 

kips for specimens 20-3-1½.  Spalling of the concrete shell was typically less pronounced 

at the bottom than at the top of the specimens (Figure 2.2.1-3) during the first 

displacement cycle. 

Figures 2.2.1-4 to 2.2.1-11 show the cracking pattern observed at different stages 

during the first cycle for all the specimens.  Black lines drawn on the concrete surface 

show the location of cracks.  Hatched areas indicate bulges on the concrete surface. 

2.2.2 Subsequent Cycles 

Table 2.2.2-1 presents numbers of figures showing the state of the specimens at 

different test stages.  Again, black lines drawn on the concrete surface show the location 

of cracks and bulges are hatched.  For all specimens, additional cycles at drift ratios 

exceeding 1% caused widening of inclined cracks and, consequently, a permanent 
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increase in the depth of the cross-sections near the column base.  Progressive damage of 

the concrete shell and core was also observed.  The larger the maximum drift ratio, the 

faster was the disintegration and expansion of the concrete.  Stiffness decrease and 

damage accelerated during the last loading cycles. 

During the second half of cycle eight for Specimens 20-3-1½, a power failure 

caused loss of hydraulic pressure in the MTS system.  Lateral load dropped to zero when 

the specimens were at a drift ratio of approximately –3% (Figures 2.2-9 and 2.2-10).  

Data were not lost.  During the second half of cycle 17, buckling of the top longitudinal 

bars at the north joint face, (Figure 2.2.2-14) caused a sudden reduction in the lateral 

stiffness of the north specimen.  By that time, spalling of concrete had penetrated far into 

the center joint (Figure 2.2.2-15).  Because the No. 2 hoops near the face of the joint may 

have already been yielding (Figures 2.7-17 and 2.7-19), and because the No.3 hoops in 

the joint did not support the longitudinal bars effectively, once the concrete shell was lost 

nothing could restrain the longitudinal reinforcement against buckling at the face of the 

joint.  Because this mode of failure is not representative of the problem under study, the 

results for Specimens 20-3-1½  are not included in following discussions about stiffness 

reduction with number of cycles. 

2.3 Failure 

Figures 2.3-1 to 2.3-7 show details of specimens after failure.  Failure was 

characterized by expansion and disintegration of the concrete within a distance of 10 in. 

from the column base. 

After completion of the tests, the axial load was increased to 80 kips for all the 

test assemblies.  To avoid increasing second-order moments, the MTS actuator was used 

to keep the final permanent lateral deflection constant as the axial load was increased.  

All the specimens were able to sustain the 80-kip axial load applied.  Following this 

additional test, loose concrete was removed to determine the extent of the damage in each 

specimen.  Figures 2.3-8 to 2.3-19 show specimens after removal of the loose concrete.  

Observe that, after failure, all the concrete within the “plastic hinge” had been reduced to 

a collection of broken fragments.  This collection of fragments was able to carry some 
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axial and transverse load because of the friction between fragments and the confinement 

still provided by the reinforcing cage despite the fact it had expanded. 

2.4 Stiffness vs. Number of Cycles 

Stiffness is defined here as the slope of the line joining the peaks of the shear-drift 

ratio curve for a given cycle.  The peaks of a displacement cycle are defined as the two 

points most distant to the origin on a shear force ( V ) versus drift ratio ( γ ) plot.  

Distance to the origin ( do ) is defined as: 

 

 do V 2 1000 γ⋅( )2+  (2.4-1) 

 

Figures 2.4-1 to 2.4-8 show the stiffness vs. number of cycles response for 

specimens where damage concentrated and for cycles at the maximum target drift ratio.  

The variation of stiffness with number of cycles shown for specimen 20-3-1½ North is 

limited to cycles applied before buckling of the longitudinal reinforcement at the joint 

face. 

In Figures 2.4-1 to 2.4-8, lower target drift ratios are associated with higher values 

of initial stiffness because, after yielding, the lateral load applied to the system remains 

practically constant for increasing values of maximum drift. 

For cycles of displacement in the inelastic range, the response of the specimens 

was never stable.  Stiffness decay with increasing number of cycles was always present 

for cycles at drift ratios larger than 1%.  The rate at which stiffness decreases increases 

with increasing number of displacement cycles.  The final rate of stiffness decrease is a 

function of the level of axial load.  The higher axial load caused more abrupt stiffness 

loss during the final displacement cycles. 

Specimens with a hoop spacing of 3 in. and a 30-kip axial load (10-2-3 and 10-3-

3) showed a rapid decrease in stiffness with cycles at a drift ratio of 3%.  On the other 

hand, specimens with a hoop spacing of 1½ in. (10-3-1½) showed a very stable behavior 

for a large number of cycles at a drift ratio of 4%.  Specimens with a 2¼ in. hoop spacing 

failed also in a very gradual manner but at a maximum drift ratio of 3%. 



 13

Similar specimens tested under different displacement schedules showed 

differences in behavior.  Specific comparisons are discussed in Section 2.10. 

Because of the gradual nature of the failure process, a criterion had to be adopted 

to classify the response of a specimen during a given cycle.  In Figures 2.4-1 to 2.4-8, a 

horizontal line has been drawn at 80% of the initial stiffness value.  The numbers of the 

cycles at the intersection of this line and the curve relating stiffness to number of cycles 

are tabulated in Table 2.4-1.  In this study, the boundary, in terms of number of cycles, 

between adequate and inadequate response is defined by the number of cycles at which 

this intersection occurred. 

2.5 Transverse Deformations 

The relative movement between reference points at three different cross-sections 

was measured using Whittemore gages (described in the Appendix).  The cross-sections 

were numbered sequentially from the base to the end of the specimens (Figure 2.1-2).  

Section 1 is at four inches from the base.  Sections 2 and 3 are at 8 and 16 in. from the 

base, respectively.  At sections 1 and 2, the total change in the distance between the 

outmost points was obtained as the sum of two measurements made with a 4-in. gage.  At 

section 3, an 8-in. gage was used.  To check the consistency of these measurements, a 

redundant measurement was made at section 2 with the 8-in gage.  This measurement 

was compared with the sum of the two measurements made with the 4-in. gage.  Figures 

2.5-1 to 2.5-16 show the sectional depth change at cycle peaks measured at sections 1-3 

for all the specimens tested.  Extensions are plotted as positive values.  Observe that the 

two measurements made at section 2 matched in all the tests. 

In general, the largest transverse deformations were measured at section 1.  For all 

specimens, transverse deformations increased at an increasing rate with additional cycles.  

This rate was a function of: 1) the amount of transverse reinforcement, 2) the axial load 

and 3) the displacement history.  The larger the displacement amplitude, the larger was 

the increase in transverse deformations. 

The vertical solid line in Figures 2.5-1 to 2.5-16 refers to the cycle at which a 

drop in stiffness of 20% or more was first measured.  Observe that a stiffness loss of 
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more than 20% was consistently measured only after transverse deformations larger than 

0.25 in (3% average unit strain) had taken place.  This is better illustrated in Figure 2.5-

17.  In this figure, the horizontal axis represents the cycle at which a transverse 

deformation of 0.25 in. or more was first measured (Table 2.4-1).  The vertical axis 

represents the cycle when a drop in stiffness of 20% or more was first measured.  From 

the trend observed, it can be concluded that excessive stiffness loss was caused by 

displacement reversals only after transverse deformations exceeded 0.25 in. (3% average 

unit strain).  This observation ties the overall response of a specimen under any given 

loading pattern to a single simple variable that can be measured easily. 

Figures 2.5-18 to 2.5-25 show comparisons of transverse deformations and 

maximum width of inclined cracks (measured with a crack comparator).  These two 

variables are not directly comparable because several cracks may have crossed a given 

cross-section and because the measurements were made in different directions.  Crack 

widths were measured in the direction perpendicular to each crack at its widest point 

while transverse deformations were measured along sections perpendicular to the column 

axis.  Recognizing these differences in direction, a general conclusion can still be made.  

During the initial cycles, opening of cracks is due mainly to extension of fibers parallel to 

the column axis.  During subsequent cycles, crack widths include a component of 

increasing magnitude related to extension of fibers perpendicular to the column axis. 

2.6 Longitudinal Reinforcement Unit Strains 

Figures 2.6-1 to 2.6-16 show the unit strain values measured on the longitudinal 

reinforcement at the locations instrumented in all the specimens tested.  Tensile strains 

are plotted as positive values.  Except for specimens with the higher axial load, the strains 

measured at the joint face were tensile for displacement cycles following the first cycle.  

This may imply that the concrete core expanded as it fractured and particles rearranged or 

that the cracks at the joint face never closed completely and the steel carried all 

compressive forces.  Progressive crushing of the concrete at the joint face observed 

during the tests supports the first hypothesis and refutes the second.  A study of the 

average internal forces in the plastic hinge region is presented in Section 2.9. 
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The strain gages at the joint face also showed a systematic reduction in the 

maximum unit strain reached during excursions of displacement causing tension in the 

corresponding reinforcement, indicating that displacement reversals caused a reduction in 

the magnitude of the curvature at this section.  Because the amplitude of the cycles 

applied was kept constant, this implies that the relative magnitude of flexural 

deformations decreased while the relative magnitude of other deformation components 

increased.  A study of the magnitude and the history of deformation components is 

presented in Chapter 3. 

2.7 Hoop Unit Strains 

Figures 2.7-1 to 2.7-32 show the unit strain values measured on the instrumented 

hoops.  Tensile strains are plotted as positive values.  As opposed to the measurements of 

transverse deformation obtained with the Whittemore gages, not all the measurements 

from electrical strain gages show continuous accumulation of unit strains for cycles at 

drift ratios exceeding 1%.  Because the steel used to fabricate the hoops has a well-

defined yield plateau, it can be inferred that hoop unit strains concentrated where the 

hoops intersected the inclined cracks.  But accumulation of hoop strains with 

displacement reversals did happen in some locations in all the specimens.  Consistently, 

this “ratcheting” was always observed during the final loading cycles.  The start of the 

ratcheting process did not coincide with the point at which the measured unit strain 

reached the unit yield strain.  Strain gages placed on the horizontal legs of the second 

hoop from the joint showed ratcheting too, indicating that the change in the volume of the 

concrete core caused by the load reversals was three-dimensional. 

2.8 Rotation 

In each specimen, Whittemore reference points were arranged in three 8x8-in. 

squares (Figure A.4.2-5).  One of these squares was located within the center stub, its 

outermost side coinciding with the face of the joint.  Adjacent squares shared one vertical 

gage line.  The squares were numbered from the center stub out and they will be referred 

to as “gage locations.”  Within each gage location, rotation was calculated as the ratio of 
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the difference between the two horizontal measurements to the nominal height of the 

square (8 in.).  The total rotation at the section defined by one of the vertical sides of a 

square was calculated as the sum of the rotations in the gage locations in between that 

section and the center of the test assembly.  The total rotation at 8-in. from the joint face 

was calculated as the sum of the rotations in gage locations 1 and 2.  Figures 2.8-1 to 2.8-

16 show rotation plotted against applied drift ratio.  Rotations are plotted as positive 

values when corresponding to extension at the bottom and compression at the top of the 

specimen.  For a given cycle, the relationship between drift and rotation at 8 in. from the 

column base appears to be linear.  Not enough data were recorded to make definite 

observations on the change of the nature of this relationship with increasing number of 

cycles.  Whittemore data were recorded until the loss of reference points caused by 

disintegration of the concrete or until the deformations exceeded the range of the 

instruments.  Generally, the points affected first by crushing of the concrete were those 

located at the face of the joint. 

Figures 2.8-17 to 2.8-32 show selected strain gage measurements plotted versus 

rotation at 8 in. from the base.  Because the relationship between rotation and drift ratio 

was linear for the measurements made, these plots reveal no additional trends. 

2.9 Internal Forces 

Except for specimens with the higher axial load, the strains measured with 

electrical strain gages cemented to the longitudinal bars at the joint face were tensile for 

displacement cycles following the first cycle.  Permanent tensile deformations in the 

longitudinal bars would occur if the concrete core expands as it fractures and particles 

rearrange or if the cracks at the joint face never close completely and the steel carries all 

compressive forces.  Forces in the steel were estimated using average strains calculated 

by dividing the top and bottom horizontal Whittemore measurements at location 2 by the 

nominal gage length (8 in.).  Because each steel layer was subjected to alternating tensile 

and compressive forces, a hysteretic model for the relationship between unit strains and 

unit stresses had to be adopted.  Initial calculations showed that a symmetrical elasto-

plastic model would lead to overestimation of compressive forces in the steel because it 
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ignores the Bauschinger effect.  Unit stresses ( σs ) associated with average unit strains 

(ε) were therefore estimated using a Ramberg-Osgood (1943) model: 

 

Before the first reversal in the inelastic range of response: 
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Positive signs refer to tensile unit stresses and strains.  The initial unit stress σi 

and unit strain εi for a given half cycle are defined in Figure 2.9-1. 

The unit stresses σmax and σmin are the maximum and minimum unit stresses 

(considering the signs) reached during half cycles before the half cycle considered. 

The parameters used for describing the response of the steel before the first 

reversal reflect the mechanical properties measured for the ¾-in. bars (see the Appendix): 

fy = 65.7 ksi. (Unit yield stress) 

Es = 29,000 ksi (Initial modulus of Elasticity) 

m = 0.02 (Ratio of the average slope of the unit stress-unit strain curve 

after yielding to Es ) 
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The other parameters were chosen by rounding values obtained by Aktan (1973) 

for a particular set of No. 6 and No. 9 bars. 

Using the unit stresses calculated with the unit stress-unit strain relationship 

described and nominal cross sectional areas, the forces in the steel bars were calculated 

for selected test stages.  The history of the compressive force required to balance the 

applied axial force and the calculated forces in the steel is shown in Figures 2.9-2 to 2.9-9 

for all test specimens.  The values obtained are plausible but no clear trends are observed.  

For some specimens the average force in the concrete seemed to change with increasing 

number of applied cycles.  The rate of this change was not consistent for similar 

specimens and it was observed to be very sensitive to variation of the parameters 

assumed to describe the response of the steel to cyclic loads. 

2.10 Comparisons: Effect of Independent Variables 

Figures 2.10-1 to 2.10-3 show comparisons of the initial response of different 

specimens, classified according to axial load level and initial drift ratio target.  The 

responses compared are consistent, indicating that other variables did not have a 

perceptible effect on the initial response of the specimens. 

The ranges of the controlled variables were: 

Hoop Spacing (Transverse reinforcement ratio): 1.5 – 3 in. (1.1% - 0.6%), 

Axial Load: 30 – 60 kips (0.08–0.21·f’c·Ag ), 

Maximum Drift Ratio: 1% - 4%, 

Displacement History: See Table 2.1-1, 

where f’c is the compressive strength of the concrete and Ag is the gross cross-

sectional area. 

All these variables affect the drift capacity of a column.  Hoops control the width 

of inclined cracks, provide confinement to the concrete core, and help reduce the 

magnitude of shear stresses acting on the concrete.  Axial load has a dual role because it 

causes an increase in the monotonic shear strength of concrete members, but its presence 

is also associated with higher flexural strength, and therefore, higher maximum possible 

shear stresses.  The main variable in the tests was the displacement history.  Two series of 
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experiments with similar specimens (specimens 10-2-3 and 10-3-3, and specimens 10-1-

2¼, 10-2-2¼, and 10-3-2¼) tested under different displacement schedules were carried 

out to study whether displacement history has an effect on drift capacity.  The observed 

effects for each of these variables are described next. 

2.10.1 Hoop Spacing 

The effect of hoop spacing on the response of the specimens during their 

complete load histories can be inferred from Figures 2.10.1-1 and 2.10.1-2.  Figure 

2.10.1-1 shows the variation of stiffness with number of cycles to a drift ratio of 3% for 

specimens 10-2-2¼ North and 10-2-3 North.  Both specimens were tested under 30 kips 

of axial load and both were subjected to 7 displacement cycles at a maximum drift ratio 

of 2% before being displaced to a drift ratio of 3%.  But the hoops in specimen 10-2-2¼ 

North were placed every 2¼ inches, while the hoops in specimen 10-2-3 North were 

placed every 3 inches.  Specimens 10-2-2¼ showed a less rapid reduction in stiffness 

with cycles of displacement.  Similarly, the stiffness histories shown in Figure 2.10.1-2 

correspond to specimens tested under the same displacement schedule and axial load but 

with different amounts of transverse reinforcement (specimens 10-3-3 North and 10-3-2¼ 

North).  The hoops in specimen 10-3-3 North were spaced at 3 in. and the hoops in 

specimen 10-3-2¼ North were spaced at 2¼ in.  Again, the smaller the hoop spacing, the 

larger was the number of cycles that could be sustained before stiffness reduction at a 

given maximum drift ratio. 

As discussed before, the overall displacement response of a specimen was 

observed  to be related to the magnitude of transverse deformations measured in the 

plastic hinge region.  The effect of hoop spacing on the history of transverse 

deformations can be inferred by comparing Figures 2.5-1 and 2.5-13.  The transverse 

strains in the specimen with less transverse reinforcement (10-2-3 North) increased faster 

than in the specimen with more hoops (10-2-2¼ North).  The same trend is observed 

when comparing the histories of transverse deformations for specimens 10-3-3 North and 

10-3-2¼ North (Figures 2.5-5 and 2.5-7). 
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2.10.2 Axial Load 

The responses of specimens 10-3-3 North and 20-3-3 South are compared in 

Figure 2.10.2-1.  The spacing of the hoops in both specimens was 3 in.  Both specimens 

were tested under displacement cycles to a drift ratio of 3%.  But specimen 20-3-3 South 

was tested under a 60-kip axial load ( 0.16 f’c·Ag ) while the axial load applied to 

specimen 10-3-3 North was 30 kips ( 0.10 f’c·Ag ).  The rate at which stiffness decreased 

for the initial displacement cycles was larger for the specimen with the lower axial load 

(10-3-3 North).  Transverse strains also were observed to increase more rapidly with 

initial displacement cycles for specimen 10-3-3 North (Figures 2.5-5 and 2.5-12).  The 

total stiffness decrease exceeded 20 % of the initial stiffness during cycle 8 for specimen 

20-3-3 South and cycle 7 for specimen 10-3-3 North (Table 2.4-1).  But the rate at which 

stiffness decreased during the final displacement cycles was much higher for the 

specimen with the higher axial load (20-3-3 South).  The higher the axial load, the more 

abrupt was the failure process. 

The responses of specimens 10-3-1½ South and 20-3-1½ North are compared in 

Figure 2.10.2-2.  The variation of stiffness with number of cycles shown for specimen 

20-3-1½ North is limited to cycles applied before buckling of the longitudinal 

reinforcement at the joint face.  The spacing of the hoops in both specimens was 1½ in.  

Both specimens were tested under displacement cycles at a drift ratio of 4% after 7 cycles 

at a drift ratio of 3%.  Specimen 20-3-1½ North was tested under a 60-kip axial load 

(0.21 f’c·Ag ) while the axial load applied to specimen 10-3-1½ South was 30 kips (0.09 

f’c·Ag ).  The rate at which stiffness decreased for the initial displacement cycles applied 

to both specimens was similar despite the fact transverse deformations increased more 

rapidly for the specimen with the lower axial load (Figures 2.5-4 and 2.5-9).  A total 

stiffness decrease of 20% of the initial stiffness value or more did not take place earlier in 

the specimen with the higher axial load (20-3-1½ North). 

The higher axial load did not affect significantly the number of cycles that could 

be sustained by a column at a given drift ratio.  But axial load did affect the rate at which 

stiffness decreased during the final displacement cycles.  The higher the axial load, the 

more abrupt was the failure process. 
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2.10.3 Displacement History 

This series of tests indicated categorically that the displacement history affected 

response under cyclic loading.  The number of cycles that can be sustained at a given 

maximum drift ratio decreased with increasing number and amplitude of previous cycles 

in the inelastic range of response.  Cycles before yielding of the longitudinal 

reinforcement did not affect the response at higher amplitude cycles. 

Two series of experiments with similar specimens (specimens 10-2-3 and 10-3-3, 

and specimens 10-1-2¼, 10-2-2¼, and 10-3-2¼) tested under different displacement 

schedules were carried out to study whether displacement history has an effect on drift 

capacity. 

Specimens 10-1-2¼, 10-2-2¼, and 10-3-2¼ were subjected to the same axial load 

(30 kips) and had the same reinforcement details (2¼ in. hoop spacing).  All three sets of 

specimens were tested at a drift ratio of 3%.  Specimens 10-3-2¼ were displaced directly 

to a drift ratio of 3%.  Specimens 10-1-2¼ were subjected to seven cycles at a drift ratio 

of 1% (approximately the drift ratio at yield) and specimens 10-2-2¼ were subjected to 

seven cycles at a drift ratio of 2% before application of cycles at 3%.  The responses 

recorded for the specimens that failed in these assemblies are shown in Figure 2.10.3-1.  

It can be seen that the damage caused by cycles at a drift ratio of 2% affected the 

response at 3%.  On the other hand, damage caused by cycles at 1% did not accelerate the 

loss of stiffness with cycles at 3%.  Stiffness loss during the final cycles applied to 

specimen 10-3-2 ¼ North occurred at a rate that was even higher than the final rate of 

stiffness decay for specimen 10-1-2¼ South.  This may be due to the lower strength of 

the concrete in specimens 10-3-2 ¼ (Table A.2.1-2). 

Similarly, specimens 10-2-3 and 10-3-3 had the same axial load (30 kips) and the 

same amount of transverse reinforcement (3-in. hoop spacing) but were tested under 

different displacement histories.  Specimens 10-2-3 were subjected to 7 cycles at a drift 

ratio of 2% before being tested at 3%.  On the other hand, specimens 10-3-3 were tested 

directly at 3%.  Again, the damage produced by cycles at 2% drift ratio caused the 

stiffness decrease with cycles at 3% to accelerate (Figure 2.10.3-2). 
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The recorded histories of transverse deformations show trends that are consistent 

with the observed variations in stiffness.  Comparison of Figures 2.5-7 and 2.5-13 shows 

that cycles at a drift ratio of 3% caused a more rapid increase in transverse strain for 

specimen 10-2-2¼ North (subjected to 7 initial cycles at 2%) than in specimen 10-3-2¼ 

North (tested only at 3%).  In contrast, the rate at which transverse strains increased 

during cycles at a drift ratio of 3% was similar for specimens 10-3-2¼ North (Figure 2.5-

7) and 10-1-2¼ South (subjected to 7 initial cycles at 1%; Figure 2.5-16).  In fact, the 

cycles at a drift ratio of 1% applied to specimen 10-1-2¼ South did not cause continuous 

accumulation of transverse strains with increasing number of cycles.  In all cases, cycles 

at larger drift ratios caused continuous accumulation of transverse strains. 
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3 DISPLACEMENT COMPONENTS 

3.1 Introduction 

As discussed in Section 2.5, the overall behavior and the magnitude of changes in 

the dimensions of the test specimens were observed to be related.  In an attempt to 

understand how stiffness varied with specific changes in the geometry of the specimens, a 

study of the history of the deformations caused by the applied loads was conducted.  This 

study is presented in Section 3.2. 

Changes in the geometry of the test specimens were measured using Whittemore 

gages as described in detail in the Appendix.  The locations of the gage stations are 

shown in Figure A.4.2-5.  Each gage station comprised four reference points that formed 

a square on the concrete surface.  These squares were numbered from the center stub out 

and they will be referred to as “gage locations” (Figure 2.1-2). 

3.2 Calculation of Displacement Components 

In each gage location, six measurements were made: one on each side of the 

square and two diagonal measurements (Figure A.4.2-5).  The distance between two 

reference points at a given test stage was calculated as the sum of the nominal distance 

between them and the measured change in distance.  Knowing the distances between 

reference points allowed calculation of the relative coordinates for all reference points by 

triangulation.  The segment of each specimen that was not instrumented was assumed not 

to contribute to drift. 

Deflection components were calculated based on calculated angular changes in 

the Whittemore reference mesh.  Figure 3.2-1 shows a gage location at a given test stage.  

As illustrated in this figure, it was assumed that the change in any angle of the square has 

three components: 
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1) Angular change related to bending 

2) Angular change related to shear distortion 

3) Angular change related to expansion of the concrete core near the base of the 

column. 

The average rotation ( θ ) at a gage location was estimated from angular changes 

calculated as follows, (see Figure 3.2-1 for definitions): 
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Calculation of rotation as the ratio of the difference between the two horizontal 

measurements to the nominal height of the gage location (8 in.) yielded the same results. 

Angles A, B ,=C and D were calculated using the cosine law and the calculated 

distances between reference points (see Figure 3.2-1 for definitions): 
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The average distortion ( ν ) was calculated as follows: 
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Observe that angular changes due to expansion of the concrete core always cancel 

out. 

It was assumed that there are two deflection components.  The first component 

(∆b ) is related to bending deformations and slip of the reinforcement in the joint (Figure 

3.2-2).  The contribution from a gage location ( i ) to this component was calculated as 

the product of its average rotation ( θi ) times its nominal distance to the support.  The 

total deflection at the joint face due to bending and slip (∆b ) was calculated as follows: 

 

 ( )[ ] ininiin
i

ib 48131 1
3
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⋅−⋅−−⋅=

=
θθ∆  (3.2-11) 

 

The second deflection component ( ∆shear ) is related to shear distortion (Figure 

3.2-2).  The contribution from a gage location ( i ) to this component was calculated as 

the product of its average shear distortion ( νi ) times its nominal horizontal dimension (8 

in.).  The total deflection at the joint face due to shear distortion was calculated as the 

sum of the contributions from gage locations 2 and 3: 
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Again, the segment of each specimen that was not instrumented was assumed not 

to contribute to drift.  Total deflection was calculated as the sum of ∆b and ∆shear and it 

matched very well the deflection calculated by triangulating. 

Figures 3.2-3 to 3.2-18 show the variation of the calculated drift ratio (ratio of 

total displacement to shear span) for all the tests.  Measured drift ratios are also shown 

for comparison.  Positive values correspond to downward deflections.  The match 

between calculated and measured drift ratios is very good. 

Figures 3.2-19 to 3.2-34 show the variation of the calculated drift ratio 

components through the tests.  It can be seen that deflections due to shear increase with 

increasing number of cycles and cycle amplitude.  On the other hand, deflections due to 

flexure decrease with increasing number of cycles.  Because of the loss of Whittemore 

reference points caused by crushing of the concrete, some of these plots lack results from 

the last load cycles.  Usually, crushing of concrete affected the points near the joint face 

first.  In the next section, a study of the history of the deformation components within 

each gage location is presented.  Treating each gage location separately allows 

visualization of additional data from locations away from the center stub, where reference 

points remained glued to the concrete for a larger number of cycles. 

3.3 Displacement Components vs. Number of Cycles 

Figures 3.3-1 to 3.3-32 show the history of calculated values of angular change 

due to bending (θ ), and shear (ν ) for gage locations 2 and 3.  Gage location 2 is formed 

by points at the joint face and points at 8 in. from the joint face.  Gage location 3 is 

formed by points at 8 and 16 in. from the joint face (Figure 2.1-2).  Angular change is 

defined in Figure 3.2-1.  Positive values of rotation indicate compression at the top and 

tension at the bottom of the specimen.  Positive values of shear distortion correspond to 

downward deflections.  As expected, values of angular change are larger for location 2.  
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There are two trends that are common to all the measurements: shear angular distortion 

increases while flexural angular change decreases with increasing number of 

displacement cycles at drift ratios exceeding 1%.  This implies that the decrease in the 

stiffness of the specimens observed through the tests was related to a decrease in shear 

stiffness.  Because this process and the continuous increase in transverse deformations 

took place simultaneously, it is reasonable to assume that they are related.  It seems 

plausible that, as confinement was lost due to the continuous stretching of the hoops, 

more movement of the particles in the collection of concrete fragments defined by 

inclined cracks was required to reach the same level of friction between particles (Figure 

3.3-33). 

3.4 Theoretical Displacement Components 

To gain insight about the relative magnitude of the displacements measured, they 

were compared with displacements calculated using conventional analytical methods.  

This comparison was limited to displacements reached before the first displacement 

reversal. 

Displacements were calculated assuming the total displacement of a column to 

have three components.  The first component is related to bending ( ∆f ).  The second 

component is related to slip of the reinforcement and deformations of the base of the 

column ( ∆slip ).  The third component is related to shear deformations ( ∆shear ). 

The displacement component related to bending was calculated as the first 

moment with respect to the support point of the area under a diagram representing the 

distribution of curvature along the column.  The curvature distribution before yielding of 

the longitudinal reinforcement was estimated from equilibrium and moment-curvature 

diagrams (Figure 3.4-1) calculated assuming linear distribution of strains and the stress-

strain relationships shown in Figures 3.4-2 and 3.4-3.  After yielding, additional rotations 

were assumed to be proportional to the effective depth ( d ) and to concentrate at the face 

of the base of the column: 

 ( ) yypf ad ∆φφ∆ +⋅⋅−=  (3.4-1) 
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where 

φp  : curvature after yield, 

φy  : curvature at yield, 

a  : shear span, 

∆y  : yield displacement. 

The displacement component related to slip of the reinforcement under tensile 

forces was calculated assuming the stresses in the steel in the base to vary linearly: 

 

 04 ≥⋅−= µ
b

so d
lff  (3.4-2) 

 

Here 

fo  : tensile unit stress at the center of the joint, 

fs  : tensile unit stress at the face of the joint, 

l  : half of the length of the center stub (9 in.), 

db  : diameter of the longitudinal bars (3/4 in.), 

µ  : average bond stress. 

The distribution of unit strains corresponding to the assumed distribution of unit 

stresses was obtained using the relationship in Figure 3.4-2.  Slip was then calculated as 

the integral of the calculated strain distribution along half of center stub (Figure 3.4-4). 

The reverse of this process was used to estimate average bond stresses from data 

from strain gages installed on the longitudinal bars at the center of the joint and at the 

joint face.  Unit strains were converted into unit stresses using the relationship shown in 

Figure 3.4-2.  Average bond stresses were then calculated using the expression: 
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The calculated bond stresses are shown in Figure 3.4-5.  Observe that, after 

yielding of the reinforcement, bond stresses remain constant for an ample range of 
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maximum strains, including strains larger than those observed in coupons at the 

beginning of strain hardening (Table A.2.2-1).  Before yielding of the reinforcement, 

bond stresses increase with increasing magnitude of the force at the face of the center 

stub.  The following expression was adopted for calculation of average bond stresses: 

 

 ( ) ccinis f.f, ′≤′−⋅= 543004 εεµ  (3.4-4) 

 

In this expression 

εs  : unit strain at the joint face, 

εini  : unit strain at the joint face for zero transverse load, 

f’c  : concrete compressive strength, in psi. 

Calculation of the rotation related to slip requires estimation of the possible 

indentation of the concrete in the base under compressive forces.  The indentation at the 

level of the reinforcement in compression was measured using an 8-in. Whittemore gage.  

The values measured at yield are shown in Table 3.4-1.  The following expression was 

adopted for calculation of average indentation values: 
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The total rotation related to slip and deformation of the base was calculated as the 

ratio of the sum of the slip and the indentation to the distance between the two layers of 

longitudinal reinforcement ( d - dc ): 
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Therefore: 

 a
dd
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c
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where 

a : shear span, 

d : effective depth, 

dc : h - d, where h is the cross-sectional depth. 

Calculation of the displacement component related to shear before cracking can 

be made using the expression from mechanics of materials: 

 

 a
Ghb

V
shear ⋅

⋅⋅
⋅=

5
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where 

V  : shear force, 

G  : shear modulus of the concrete (estimated as 0.4 times the modulus of 

elasticity), 

h  : cross-sectional depth, 

b  : cross-sectional width, 

a  : shear span. 

As shown in Figure 3.4-6, this expression yields results that are smaller than the 

shear displacements calculated from Whittemore readings.  Based on these readings, the 

following expression was adopted for estimation of displacements related to shear: 

 

 ( )slipfshear . ∆∆∆ +⋅= 150  (3.4-10) 

 

Figures 3.4-7 to 3.4-9 show the calculated history of drift ratio (ratio of total 

displacement to shear span) compared with the drift ratio history recorded during the first 

half load cycle.  When studying this comparison one has to keep in mind that 

displacement components ∆slip and ∆shear were calibrated based on deformation 
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measurements.  The match is acceptable but, as observed in previous investigations 

(Konwinski 1996, Yamashiro 1962), the deflections measured are consistently larger than 

the displacements calculated for loads larger than those at cracking of the concrete. 
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4 TWO MODELS 

4.1 Introduction 

Two observations have been discussed in previous chapters: 

1) Stiffness decreased with increasing number of displacement cycles in the 

inelastic range of response. 

2) The decrease in stiffness exceeded 20% after transverse unit strains exceeded 

3%. 

The observed variation of transverse deformation with number of cycles is 

discussed Section 4.2.  If this relationship can be determined on the basis of material and 

geometric properties of the column, the cycle at which a drop in stiffness of 20% is likely 

to occur can be estimated as the cycle during which a unit transverse strain of 3% is 

reached. 

4.2 Transverse Deformations 

As shown in Figures 2.5-1 to 2.5-16, transverse deformations increased with 

increasing number of cycles at drift ratios exceeding 1%.  Figure 4.2-1 shows a typical 

variation of transverse strain with drift ratio.  In each load cycle, transverse deformations 

increased during loading and decreased during unloading but the decrease was less than 

the increase.  There was permanent deformation in each half cycle.  An idealization of 

this relationship is shown in Figure 4.2-2.  In this model, the increase in transverse 

deformations related to loading in either direction is assumed constant for cycles of 

constant amplitude.  After the first unloading, cracks remain open.  Initial crack widths 

and transverse deformations are proportional to the magnitude of permanent member 

displacements.  Assuming that this approximate proportionality is also valid for 

subsequent cycles with the same amplitude: 
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δr : decrease in transverse deformation related to unloading during a given 

cycle, 

γmax : maximum drift ratio reached during a cycle, 

δmax : increase in transverse deformation related to loading up to a maximum 

drift ratio equal to γmax, 

γr : decrease in drift ratio related to unloading from γmax. 

Given this relationship, the history of transverse deformations can be expressed 

mathematically as a function of δmax, which, in turn, was observed (Figures 2.5-1 to 2.5-

16) to be a function of the cycle amplitude and the amount the transverse reinforcement.  

Two models to estimate δmax are discussed in the following sections. 

4.3 Model A 

In model A, transverse deformation is assumed to increase linearly with 

increasing drift ratio after yielding of the longitudinal reinforcement.  Transverse 

deformation at yield of the longitudinal reinforcement is assumed proportional to the 

force in the transverse reinforcement crossing an inclined crack near the joint, Vs, which 

is, in turn, assumed to be a fraction of the total shear at yield, Vyield: 

 

 0≥−= cyields VVV  (4.3-1) 

 

where Vc is the shear force assumed to be carried by the concrete.  The force Vc is 

estimated, following the format proposed by Olesen et al. (1967), as the summation of the 

shear force that causes flexural cracking at a distance d/2 from the joint and the product 

cfdb ′⋅⋅  : 
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where 

d  : effective depth, 

a  : shear span, 

b  : cross-sectional width, 

f’c  : concrete compressive strength in psi, 

Mcr  : moment at first cracking, approximated, for simplicity, using gross 

section properties, 
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P  : axial load, 

h  : cross-sectional depth, 

Ig  : is the moment of inertia of the gross cross-section,  

Ag  : area of the gross cross-section, 

fcr  : modulus of rupture (taken as 12 cf ′ , f’c in psi, on the basis of the 

data shown in Figure A.2.1-13). 

The shear force carried by a single hoop in the plastic hinge region is 

approximated as Vs / ( d / s ), where d is the effective depth and s is the hoop spacing.  

The strain associated with this force is assumed to be distributed uniformly along the 

vertical legs of the hoop, whose length is approximated as the distance between exterior 

layers of longitudinal reinforcement ( d – dc ): 
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Es  : steel modulus of elasticity, 

Aw  : total cross-sectional area for a single hoop, 
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d : effective depth 

dc : h-d, where h stands for cross-sectional depth. 

Transverse deformations for drifts larger than the drift at yield are calculated 

using a linear projection: 

 
yield

yieldmax γ
γδδ =  (4.3-5) 

 

δyield  : transverse deformation at yield (defined earlier),=

γ  : drift ratio, 

γyield  : drift ratio at yield (taken as 1% for the tests described here). 

Table 4.3-1 shows calculated values of δyield and values used for the model 

parameters. 

4.4 Model B 

Model A describes the initial variation of transverse deformations with increasing 

drift ratio based on a formulation that was developed originally for a strength criterion 

(Richart, 1927).  The applicability of this formulation to the problem in hand can only be 

justified on the basis of experimental data.  Moreover, the initial assumption of linear 

proportionality between shear forces and transverse deformation is ignored for drifts 

larger than the drift at yield.  The fact that shear forces remain practically constant after 

yield is ignored and transverse strains are assumed to increase with increasing drift at the 

same rate they increase before yielding.  Despite this contradiction, the model may still 

yield acceptable results.  However, a more consistent model was believed desirable. 

In Model B, all rotation is assumed to occur in two cracks: a vertical crack at the 

joint face and an inclined crack that forms an angle φ with the column axis equal to 45º 

(Figure 4.4-1).  The total drift ratio is therefore assumed equal to the sum of the angles 

formed by the two lines that define each crack: 

 

 21 θθγ +=  (4.4-1) 
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The length of the transverse projection of the inclined crack, β·d·tan(φ ) , is 

assumed to be equal to the distance between exterior layers of longitudinal reinforcement 

(d – dc).  For the dimensions of the specimens tested in this study, this assumption is 

equivalent to assuming β = 0.8.  All transverse reinforcement crossing the inclined crack 

is assumed to have reached the yield unit stress ( fyw ) by the time inelastic column 

displacements are reached and to be concentrated at a distance 0.5=β·d from the joint face. 

From equilibrium of moments with respect to the point where the two cracks meet 

(Figure 4.4-1): 

 ( ) ( )
212

d
s

dAftandTT w
yw

⋅⋅⋅⋅⋅=⋅⋅⋅− ββφβ  (4.4-2) 

 

T2  : force in the longitudinal reinforcement in tension at its intersection 

with the vertical crack, 

T1  : force in the longitudinal reinforcement in tension at its intersection 

with the inclined crack, 

Aw  : total transverse reinforcement cross-sectional area, 

s  : hoop spacing. 

If φ = 45º, 
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The unit strains ε1 and ε2 associated with forces T1 and T2 are expressed in terms 

of θ1 and θ2 using the following approximations (Figures 4.4-2 and 4.4-3): 
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The relationship between unit strains and unit stresses used to relate ε1 and ε2 to 

T1 and T2 is shown in Figure 3.4-2. 

Initial calculations indicated that taking α1 = 3/4 and α2 = 1 leads to reasonable 

estimates of initial unit strains in the longitudinal reinforcement (Figures 4.4-4 to 4.4-9).  

Using these values of α1 and α2, and for φ = 45º: 

 

 βθε ⋅⋅= 11 3
8  (4.4-6) 

 

 βθε ⋅= 22  (4.4-7) 

 

This formulation can therefore be reduced to a system of two variables, θ1 and θ2, 

and two equations: 

 21 θθγ +=  (4.4-8) 
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Where T1 and T2 are functions of θ1 and θ2, respectively.  After solving this 

system of equations, the transverse deformation δmax can be calculated using the 

expression (Figures 4.4-1 and 4.4-3): 
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Table 4.3-2 shows calculated values of δmax, θ1, and θ2, for α1 = 0.75, α2 = 1, 

β=0.8 and several values of drift ratio, γ. 
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4.5 Results 

Models A and B allow calculation of δmax, the increase in transverse 

deformations caused by loading up to a drift ratio γmax.  The total unit transverse 

deformation ( εt ) after cycles with different amplitude is, 
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δmax i  : Increase in transverse deformation related to loading up to a drift ratio 

equal to γmax i.  It can be estimated on the basis of material and 

geometric properties of the column as shown in Sections 4.3 and 4.4. 

γmax i : Maximum drift ratio reached during cycle i. 

γr i  : Decrease in drift ratio related to unloading from γmax i. 

n  : Total number of cycles applied. 

d : Effective depth 

dc : h - d, where h stands for cross-sectional depth. 

Figures 4.5-1 to 4.5-2 show the number of the cycle for which a transverse 

deformation of ¼ in (3% transverse unit strain) was calculated using measured values of 

γr compared with the cycle number for both, a measured decrease in stiffness of 20%, and 

a measured transverse deformation of ¼ in.  The results from both models are very good 

but Model B, whose use requires more computational effort, leads to a slightly better 

match. 

4.6 Comparison with Data from Previous Experiments 

In Section 1.4, data from previous experiments of columns under displacement 

reversals were described.  Those data were organized in terms of column drift capacity, 

the maximum drift reached before a reduction in strength of more than 20%, using a 

criterion proposed in the initial stages of this investigation (Pujol et al., 2000). 
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The drift capacity data from the previous tests considered were normalized with 

respect to the ratio of shear span to effective depth ( a / d ) and classified with respect to 

k1, a parameter that describes the strength of the concrete in the column core in terms of 

the concrete compressive strength. The parameter k1, defined in Figure 1.4-1, is assumed 

to decrease with cyclic displacements reversals. 

The drift capacity data from the tests presented here can be organized in the same 

manner but a direct comparison cannot be made because the displacement schedules used 

in these experiments are very different from those used in previous investigations.  In the 

experiments carried out as part of this study, the number of cycles applied per 

displacement increment was larger.  If displacement-history effects are ignored, the drift 

ratios reached during the tests described here appear small when compared with results 

from the tests described in Section 1.4 (Figure 4.6-1).  In order to project these data to the 

case of a displacement schedule with fewer cycles per displacement increment, the 

expression proposed in Section 4.5 for transverse deformations was simplified as follows: 

 

 
�
�
�

�
�

�

�
−⋅⋅

−
=

= imax
imax

n

ic
t

.
dd γ

δε 010121

1
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This simplification is convenient because it implies that, as observed for this 

particular set of tests, cycles at a drift ratio of 1% do not cause accumulation of transverse 

strains.  It is also a conservative approximation because decreases in drift ratio larger than 

0.01 were observed during unloading (Figures 2.2-1 to 2.2-16) and the smaller the 

decrease in drift ratio assumed, the larger will be the estimated accumulation of 

transverse deformation.  This expression and the values of δmax calculated in Section 4.4. 

can be used to calculate the maximum drift that can be reached by a column similar to the 

ones tested for an assumed displacement schedule.  The results obtained here were 

projected to the case of a displacement history with 2 cycles at a drift ratio of 1% 

followed by pairs of cycles at drift ratios increasing by increments of 1% (Figure 4.6-2).  

The maximum drift ratio for the cycle corresponding to a calculated transverse unit strain 

of 3% was taken as the projected column drift capacity. 
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Four cases were considered: 

- 1½, 2¼ and 3-in. hoop spacing and a 30-kip axial load, 

- and 3-in hoop spacing and a 60-kip axial load. 

Other possible combinations of variables were not considered because they were 

either not included in the test program or they did not lead to the failure mode under 

study.  The results obtained are compared with the data described in Chapter 1 in Figure 

4.6-3.  When projected as described, the results from the tests presented here seem to 

follow the same general trend as the data from previous experiments. 

4.7 Number of Cycles for Recorded Ground Motions 

Ingham et al. (2001) suggested that standard laboratory displacement histories are 

more demanding than displacement histories projected from recorded ground acceleration 

histories for regular building structures.  In fact, buildings are usually proportioned so 

that maximum calculated inter-story drift ratios for design ground motions remain under 

2%.  If inelastic displacement cycles affect the response of a given column, the number 

and amplitude of the cycles that a column in a regular reinforced concrete building frame 

may undergo during an earthquake needs to be estimated.  A simple model was adopted 

here to estimate the response of a typical building frame during an earthquake.  The 

responses of nonlinear single degree of freedom systems (SDOF) were used as reference.  

The stiffness, k, assumed for the SDOF systems modeled is given by the following 

expression (Figure 4.7-1): 
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where 

Fy  : yield force, 

∆y  : yield displacement, 

F  : force that “the spring” exerts on “the mass” of the SDOF system, 
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∆x  : displacement change caused by the input ground acceleration at a 

given point in time. 

The parameters c1 and r define the post-yield stiffness and the transition from the 

elastic range to the inelastic range of response.  The values used were 0.3 and 7 for c1 and 

r, respectively. 

Three different reference oscillators were considered.  Selected initial natural 

vibration periods included 1, 2 and 3 sec.  The base shear strength of the oscillators was 

assumed to be 15% of the weight of the system.  A constant damping factor of 2% of the 

critical damping was assumed.  Displacement histories for the selected SDOF systems 

were calculated using Newmark’s beta method with a beta factor of 0.25.  The responses 

of the selected oscillators were then used to estimate the response of regular building 

frames based on the following assumptions: 

1) The initial vibration period (in seconds) of a regular reinforced concrete 

building frame is equal to the number of stories divided by 10. 

2) The typical story height is 10 ft. 

3) The roof displacement is equal to 5/4 times the relative displacement for a 

SDOF with the same initial vibration period. 

4) The maximum inter-story drift ratio (MIDR) is equal to 1.5 times the roof drift 

ratio, calculated as the ratio of total roof displacement to building height 

(Lepage, 1996). 

Seven ground motion records were considered (Viña del Mar - Chile 1985; 

Tokachi-Oki - Japan, 1968; Bucharest - Romania, 1974; Duzce - Turkey, Nov. 1999; 

Corralitos - Loma Prieta, 1989; El Centro - Imperial Valley, 1940; Secretaría de 

Comunicaciones y Transporte - Mexico, 1985).  All records were scaled to a peak ground 

acceleration of 0.4g.  Tables 4.7-1 to 4.7-3 show the number of displacement waveform 

peaks that exceeded a drift ratio of 1 and 2% for the first six records.  Results for the 

record from Mexico will be discussed separately.  Observe that the calculated number of 

excursions beyond a drift ratio of 2% is small (3 was the maximum) in comparison to the 

number of excursions at similar and larger levels of drift included in the displacement 

histories used in this an previous investigations of columns under cyclic loads. 
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Consider the EW component of the El Centro record (Figure 4.7-2).  This record 

is a common reference in earthquake engineering (Blume et al., 1961; Lepage 1996).  

Figures 4.7-3 to 4.7-5 show the responses of the idealized building frames described to 

the scaled version of the El Centro record.  Observe that the number of cycles increases 

but their amplitudes decrease with decreasing initial period.  In fact, not even for the most 

flexible of the frames analyzed the maximum drift ratio reached during a given cycle was 

larger than 2%.  The expression in section 4.6 for transverse deformations can be used to 

show that, with a minimum amount of transverse reinforcement (hoop spacing equal to 

one fourth of the effective depth d – ACI 318 – or 0.67% transverse reinforcement ratio1), 

a reinforced concrete member similar to the ones tested in this investigation can sustain 

more than 30 cycles at a drift ratio of 2% (δmax = 0.008 in., calculated with Method B) or 

7 cycles at a drift ratio of 3% (δmax = 0.027 in., Method B). 

The frequency content and the duration of the records considered do not represent 

the worst observed scenario in terms of associated number and amplitude of displacement 

cycles.  Such a scenario may be better represented by a ground motion record similar to 

the one obtained at Secretaría de Comunicaciones y Transporte, Mexico City, during the 

1985 Mexico earthquake (Figure 4.7-6).  In this case, the properties of the soil in the 

region were such that the resulting ground motion had a very long duration and was 

characterized by waves with large periods and amplitude.  The responses of the structures 

described to the Mexico record scaled to 0.4g peak ground acceleration are shown in 

Figures 4.7-7 to 4.7-9 for the time interval where the ground motion was stronger.  The 

maximum drift ratios reached are very large and they could compromise the stability of 

the structures modeled.  It is clear that the result in hand corresponds to an extreme case.  

In fact, the peak ground acceleration recorded for the original record obtained in Mexico 

was 0.17g.  The large drifts calculated are a result of the scale factor used.  But even in 

this extreme case, the total amplitude (absolute difference in the drift ratio for adjacent 

peaks) of most of the cycles is of the order of 1% to 2%.  Only 4 to 5 cycles have 

                                                 
1 Ratio of cross-sectional area of transverse reinforcement to the product of cross-

sectional width times hoop spacing. 
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significantly larger amplitudes.  The maximum total amplitude was of the order of 6% 

and the maximum drift ratio was of the order of 4%.  Observe that the calculated load 

histories were not symmetric with respect to the time axis while the displacement 

schedules studied in this investigation were symmetric.  A direct comparison cannot be 

made.  From the data recorded in the experiments, it cannot be inferred directly whether 

displacement reversals from a drift ratio of –3% to a drift ratio of 3% would cause as 

much damage as displacement reversals from a drift ratio of -2% to a drift ratio of 4%.  It 

is reasonable to assume, however, that displacement reversals from –4% to 4% would 

cause more damage than the latter.  From the formulation presented in Section 4.6, a 

reinforced concrete member similar to the ones tested and with a hoop spacing of d / 4 

(0.67% transverse reinforcement ratio) would be able to sustain at least 4 cycles at a drift 

ratio of 4% (δmax = 0.049 in., calculated with Method B). 

Elements of buildings with an irregular distribution of lateral stiffness along their 

height may undergo reversals at displacement levels larger than those for elements in 

regular buildings.  Consider the nine-story frame model tested by Moehle (1980) (Figure 

4.7-10).  Observe that the height of the first story is twice the height of the other stories.  

Deformations caused by simulated ground motions concentrated at this level.  The base 

shear strength of the model was approximately 30% of its weight.  Figure 4.7-11 shows 

the measured first-story drift-ratio response to base accelerations modeled after the NS 

component of the El Centro 1940 record, scaled to 0.4g peak ground acceleration and 

after compressing the time scale by a factor of 2.5. Observe that only two to three cycles 

have total amplitudes larger than 2% and the maximum drift ratio measured is of the 

order of 2%.  The initial vibration period of the model, measured during free-vibration 

tests before earthquake simulation, was 0.25 sec.  Considering the scale factor used to 

model the base accelerations, the model represented a structure with a 0.6-sec. initial 

period.  The vibration period of the model after the earthquake simulation was twice the 

initial period. 

If, as indicated by the experimental data, cycles with total amplitudes of 

approximately 2% do not cause accumulation of transverse deformations, it can be 

concluded that, in the domains considered, displacement-history effects are not likely to 
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dominate the response of members of regular reinforced concrete frames with amounts of 

transverse reinforcement within the ranges recommended in current design guidelines 

(Pujol et al., 2000). 
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5 SUMMARY AND CONCLUSIONS 

5.1 Summary 

5.1.1 Objective and Scope 

The objective of this study was to determine whether the displacement history has 

an effect on the drift capacity of reinforced concrete columns under inelastic 

displacement reversals.  This study and its results are limited to cases satisfying the 

following conditions:  

1) Drift cycles occur primarily in the plane defined by one of the principal axes 

of the cross section. 

2) The drift capacity is not less than the drift at yield. 

3) The maximum shear exceeds the shear at inclined cracking. 

4) The “static” shear capacity is not less than the shear at yield. 

5) The column core is effectively confined by transverse reinforcement. 

6) Longitudinal reinforcement is restrained against buckling by transverse 

reinforcement. 

The variables considered were: 

 Maximum nominal unit shear stress V / ( b d cf ′ ): 6 to 8 (stresses in psi) 

 Maximum core unit shear stress, V / ( Ac cf ′ ): 10 to 13 (stresses in psi) 

 Axial load (kept constant in each test), P : 0.08 to 0.21 f’c Ag (30-60 kips) 

 Transverse reinforcement ratio, Aw / ( b s ) : 0.6% to 1.1% 

 Nominal unit transverse stress, Aw fyw / ( bc s ) : 500 to 1000 psi 

 Maximum drift ratio, γmax : 3%-4% 

The constants were as follows: 
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 Concrete compressive strength, f’c : 4.1 to 5.2 ksi 

 Longitudinal reinforcement unit yield stress, fy : 65.7 ksi 

 Longitudinal reinforcement ratio, ρ=: 2.4% 

 Ratio of shear span a, to effective depth d : 2.7 

 Ratio of gross cross-sectional area Ag, to core area Ac : 2.0 

V  : maximum shear force, 

b  : cross-sectional width,  

d  : effective depth,  

Aw  : total cross-sectional area in a layer of transverse reinforcement, 

fyw  : transverse reinforcement unit yield stress, 

bc  : concrete core cross-sectional width (measured center-to-center of 

exterior transverse reinforcement), 

Ac  : concrete core cross-sectional area (measured center-to-center of 

exterior transverse reinforcement), 

s  : hoop spacing. 

5.1.2 Previous Investigations 

There is limited data on displacement-history effects for columns whose response 

may be dominated by shear.  Probably for this reason, current analytical models 

(Aoyama, 1993; Moehle et al. 2000, Priestley et al. 1994; FEMA 273, 1997; Aschheim, 

2000) do not consider displacement history as a variable. 

5.1.3 Experimental Program 

5.1.3.1 Test Specimens 

The experimental program included eight test assemblies.  An assembly consisted 

of two cantilever columns joined by a center stub through which cyclic transverse load 

was applied.  The ranges of the variables in the experiments are summarized in Section 

5.1.1.  The variables controlled in the experiments were the spacing of the hoops outside 

the center stub, the axial load (kept constant in each test), and the displacement schedule. 
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5.1.3.2 Response 

Inclined cracks were observed in all specimens before yielding of the longitudinal 

reinforcement.  All specimens reached their full flexural capacity and inelastic 

deformations. 

Cycles at maximum drift ratios exceeding 1% (which is approximately the yield 

drift ratio for the specimens tested) caused continuous widening of inclined cracks and, 

consequently, a permanent increase in the depth of cross sections within a distance equal 

to the effective depth from the joint face.  The rate at which sections near the column 

base expanded increased with additional displacement cycles at a given drift ratio.  This 

rate was observed to be a function of the axial load, the amount of transverse 

reinforcement, and the displacement history.  Stiffness decrease and progressive damage 

of the concrete shell and core were also observed.  The larger the maximum drift ratio, 

the faster were the disintegration and expansion of the concrete.  Stiffness decrease and 

damage accelerated during the last displacement cycles. 

A stiffness reduction of more than 20% was consistently measured only after 

transverse unit strains exceeding 3% were observed.  This observation permits relating 

the overall response of a specimen under a given displacement schedule to a single 

simple variable that can be measured easily. 

5.1.3.3 Effect of Independent Variables 

The spacing of the hoops was observed to affect the displacement response of the 

test specimens significantly.  The smaller the hoop spacing, the larger was the number of 

cycles that could be sustained at a given maximum drift ratio before stiffness reduction. 

The axial load did not affect significantly the number of cycles that could be 

sustained at a given drift ratio before stiffness reduction.  But axial load did affect the rate 

at which stiffness decreased during the final displacement cycles.  The higher the axial 

load, the more abrupt was the failure process. 

This series of tests indicated categorically that the displacement history affected 

the response of reinforced concrete columns under cyclic loading.  The number of cycles 

that could be sustained at a given maximum drift ratio before a large reduction in 
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stiffness decreased with increasing number and amplitude of previous displacement 

cycles in the inelastic range of response. 

5.1.4 Displacement Components 

Measured displacement components related to shear were observed to increase 

while displacement components related to flexure were observed to decrease with 

increasing number of cycles with maximum drift ratios larger than 1%.  This implies that 

the reduction in column stiffness observed through the tests is related to a decrease in 

shear stiffness.  This process and the continuous stretching of the transverse 

reinforcement observed near the column base seem to be related. 

Deflections measured during first loading are consistently larger than those 

calculated using conventional analytical models.  Measured displacement components 

related to shear were of the order of 15% of measured displacements related to bending 

and slip of the longitudinal reinforcement. 

5.1.5 Models 

Column stiffness decreases with increasing number of cycles at drift ratios 

exceeding the drift ratio at yield.  The reduction in stiffness exceeds 20% after transverse 

unit strains exceed 3%.  Within the realm of the variables described in Section 5.1.1, the 

maximum transverse unit strain can be estimated using Equation (4.5-1). 

5.1.6 Number of Cycles for Recorded Ground Motions 

The responses of models of buildings subjected to base accelerations simulated 

based on records scaled to a peak ground acceleration of 0.4g and the observations made 

in the experiments described herein indicate that displacement-history effects are not 

likely to dominate the response of members of regular reinforced concrete frames with 

amounts of transverse reinforcement within the ranges recommended in current design 

guidelines.  The models considered represented idealized structures with initial periods of 

vibration ranging from 0.6 to 3 seconds and base shear strengths of approximately 15 and 

30% of the total weight of the building. 
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5.2 Conclusions 

On the basis of the experimental observations and their analyses, the following 

conclusions are made: 

1) Displacement cycles at drift ratios not exceeding the drift ratio at yield do not 

affect the drift capacity of a reinforced concrete column. 

2) Column drift capacity was found to be sensitive to displacement history.  For 

columns cycled beyond yield, it decreases as a function of the amplitude and 

number of cycles the column has experienced.  

3) Column stiffness decreases with increasing number of cycles at drift ratios 

exceeding the drift ratio at yield.  The reduction in stiffness exceeds 20% after 

transverse unit strains exceed 3%. 

4) The drift limit can be determined by estimating the maximum transverse unit 

strain ( εt ) using the following expression given the number and amplitude of 

applied cycles: 
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δmax i  : Increase in transverse deformation related to loading up to a drift ratio 

equal to γmax i.  It can be estimated on the basis of material and 

geometric properties of the column as shown in Sections 4.3 and 4.4. 

γmax i : Maximum drift ratio reached during cycle i. 

γr i  : Decrease in drift ratio related to unloading from γmax i.  For the tests 

described here, assuming γr i equal to the drift ratio at yield led to 

conservative estimates of drift capacity. 

n  : Total number of cycles applied. 

d : Effective depth 

dc : h - d, where h stands for cross-sectional depth. 
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