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ABSTRACT 
 
Accurate prediction of the cyclic mobility behavior associated with the undrained cyclic loading 
of sand under a nonzero static shear stress ratio can be important for numerically simulating 
earthquake-induced deformations of slopes. Experimental studies on the deformation of clean 
sands under undrained cyclic direct simple shear loading show a progressive accumulation of 
shear strains both under a zero and a non-zero static shear stress ratio which represent level and 
sloping ground conditions, respectively. Single element numerical simulations of undrained 
cyclic loading using a number of constitutive models show that they all have certain limitations 
and that the effect of sloping ground conditions is particularly difficult to simulate for many of 
the models. This paper presents example results from undrained cyclic direct simple shear tests 
on clean sands under zero and nonzero static shear stress ratio conditions, reviews findings from 
past experimental studies for these types of loading conditions, and presents examples of the 
performance of selected constitutive models in modeling the observed experimental results. 
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ABSTRACT 
 

Accurate prediction of the cyclic mobility behavior associated with the undrained cyclic loading of 
sand under a nonzero static shear stress ratio can be important for numerically simulating 
earthquake-induced deformations of slopes. Experimental studies on the deformation of clean sands 
under undrained cyclic direct simple shear loading show a progressive accumulation of shear strains 
both under a zero and a non-zero static shear stress ratio which represent level and sloping ground 
conditions, respectively. Single element numerical simulations of undrained cyclic loading using a 
number of constitutive models show that they all have certain limitations and that the effect of 
sloping ground conditions is particularly difficult to simulate for many of the models. This paper 
presents example results from undrained cyclic direct simple shear tests on clean sands under zero 
and nonzero static shear stress ratio conditions, reviews findings from past experimental studies for 
these types of loading conditions, and presents examples of the performance of selected constitutive 
models in modeling the observed experimental results.  

 
 

Introduction 
 
Numerical simulations of the seismic response of geotechnical structures affected by liquefaction 
represent the synthesis of individual responses of all the elements comprising the structure. For 
example, the seismic response of a geotechnical structure like the earth dam schematically 
illustrated in Fig. 1 will need to account for strata or zones of sand ranging from very loose to 
dense under a wide range of confining stresses, initial static shear stresses, drainage conditions, 
and dynamic loads. Successful numerical simulations of earthquake-induced deformations for 
these types of geotechnical structures need constitutive models that can reasonably approximate 
the responses that liquefiable soils exhibit under all of these loading conditions. 
 

An understanding of the response of liquefiable soils under sloping ground conditions can 
play an important role in a nonlinear deformation analysis (NDA) of a slope or embankment. 
There is a large body of experimental data describing the elemental behavior of sands under such 
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loading conditions. The presence of a slope is represented in such tests by a static shear stress 
ratio α ( = τs / σ'vc) which is the ratio of static shear stress to the effective consolidation stress on 
the plane of interest. 
 

The cyclic resistance ratio (CRR) of a liquefiable soil is affected by the presence of static 
shear stresses, such as exist within slopes or embankment dams, but the available case history 
data are not sufficient to empirically quantify this effect. Seed [1] introduced the Kα correction 
factor which describes the observed experimental effects of α on CRR: 
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where CRRα is the CRR value for a given value of α and CRRα =0 is the CRR value when α = 0. 
Over the years, experimental data have been compiled that form a basis for understanding the 
aforementioned phenomena and serve as a guide for calibration of constitutive models. 
 

The purpose of this paper is to examine some issues pertinent to the modeling of 
liquefaction effects under sloping ground conditions. Results of cyclic undrained direct simple 
shear laboratory tests under both level and sloping ground conditions are described, followed by 
an examination of existing liquefaction correlations that are commonly used in practice to 
account for the effects of sloping ground on the cyclic resistance ratio of sands. The results of 
single-element numerical simulations under undrained cyclic direct simple shear conditions with 
selected constitutive models are presented. It is illustrated that all of the evaluated models have 
limitations. Finally, it is concluded that the recognition and understanding of such limitations 
through single-element simulations replicating the field conditions are essential for fostering 
improvements and increasing confidence in the use of NDAs for evaluating the seismic 
performance of geotechnical structures affected by liquefaction.  
 

Experimental Results for Clean Sand 
 
The undrained cyclic loading response of saturated sand under level and sloping ground 
conditions is illustrated by some example test results with and without a static shear stress ratio 
respectively, followed by a summary of the general trends observed in the literature and 
summarized in design relationships based on the cumulative body of data. 

 

Figure 1. Cross-section of an earth dam illustrating the wide range of density, saturation, and
stress conditions that may need to be modeled. 
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Undrained Cyclic Loading Behavior for Level Ground Conditions (α = 0) 
 
The effect of a zero initial static shear stress (α = 0) on the undrained cyclic direct simple shear 
(DSS) loading response of saturated sand is illustrated by the test results for Nevada sand shown 
in Fig. 2. The specimen of dry pluviated Nevada sand had a relative density DR = 50 % and was 
consolidated to a vertical effective stress of σ'vc =100 kPa. The applied cyclic stress ratio (CSR) 
was about 0.10 which means that the horizontal shear stress τ was symmetrically cycling around 
0 kPa (-10 kPa to 10 kPa) under undrained conditions. The induced excess pore water pressure 
ratio ru (as illustrated through the stress path in Fig. 2) progressively increased with each loading 
cycle until it reached a peak value of 100% (mean effective stress p' = 0). The stress-strain loops, 
also shown in Fig. 2, exhibit the continuous accumulation of shear strains commonly referred to 
as cyclic mobility. 
 
Undrained Cyclic Loading Behavior for Sloping Ground Conditions (α > 0) 
 
The effect of an initial static shear stress (α > 0) on the undrained cyclic DSS loading behavior 
of saturated sand is illustrated by the test results for Nevada sand shown in Fig. 3. The specimen 
of dry pluviated Nevada sand had a DR = 45 % and was consolidated at σ'vc =100 kPa with τs = 
10 kPa so that α = 0.10. The applied CSR was 0.08 which means that τ was always positive 
(about 2 kPa – 18 kPa) and did not reverse direction on the horizontal plane. The induced ru 
increased quickly in the first few loading cycles and then increased slowly with each subsequent 
cycle of loading but was always less than 100% so that p' (and σ'v) never became zero. This is 
illustrated in Fig. 3 together with the continuous accumulation of shear strains in the direction of 
the static shear stress. 
 
General Trends and Design Relationships 
 
Since Seed [1] introduced the Kα correction factor for describing the effects of α on CRR, 
numerous researchers have studied this phenomenon using cyclic triaxial, cyclic simple shear, 
torsional shear, and torsional ring shear devices. These studies have shown that Kα depends on 
DR and confining stress, which together reflect the state of the sand in relation to its critical state 

Figure 2. Stress-strain loop and stress path for undrained cyclic direct simple shear test on
Nevada Sand under a vertical effective stress of σ'vc = 100 kPa and a zero initial static
shear stress (α = 0) that corresponds to level ground conditions. 

 



(e.g., Been and Jefferies [2]). In addition, Kα depends on the failure criteria that are used to 
define CRR and depends somewhat on the laboratory test device, with DSS preferred over 
triaxial loading because it more closely approximates the in-situ rotation of principal stress 
directions expected during earthquake shaking for many types of structures (Harder and 
Boulanger [3]). 
 

Experimental results on a range of sands at confining stresses less than about 300 kPa 
showed that CRR would decrease with increasing α for loose sands and increase with increasing 
α for dense sands. The general trends of Kα observed from results for sands tested at confining 
stresses less than about 300 kPa are summarized in Fig. 4a for three ranges of DR (Harder and 
Boulanger [3]). For sands tested across a broader range of confining stresses, Boulanger [4], 
based on tests by Boulanger et al. [5], Vaid and Finn [6] and Vaid and Chern [7], showed that the 
trends were better related to some measure of state, such as the relative state parameter index ξR 
as shown in Fig. 4b. In both cases, the trends observed are similar in that Kα increases with 
increasing α for dense sands (DR ≈ 55 – 70% or ξR < 0), while it decreases with increasing α for 
loose sands (DR ≈ 35% or ξR > 0). The results shown in Fig. 4 were determined using a failure 
criterion of 3% single-amplitude shear strain to define the CRR values; the ru values in sand 
reach their limiting value at this level of shear strain and thus generally are not expected to 
increase with further increases in the maximum shear strains. 
 

Constitutive Models and Numerical Simulations 
 
The evaluations of NDA models against physical model tests and case histories involving 
liquefaction have shown that realistic simulations of the dynamic response of many types of 
structures can only be obtained using more advanced constitutive models that can approximate 
behaviors such as cyclic mobility. Such constitutive models also need to be calibrated and 
validated using single-element simulations for the types of loading paths that are expected to be 
important (i.e. α conditions herein). 
 

Several advanced constitutive models (Hashigushi and Chen [8], Pressure-Dependent-

Figure 3. Stress-strain loop and stress path for undrained cyclic direct simple shear test on 
Nevada Sand under a vertical effective stress of σ'vc = 100 kPa and an initial static 
shear stress ratio α = 0.1 that corresponds to sloping ground conditions. 

 



Multi-Yield Surface model by Yang et al. [9], UBCSAND by Byrne et al. [10] and Beaty and 
Byrne [11], Dafalias and Manzari [12], Boulanger and Ziotopoulou [13,14] and Wang et al. [15]) 
were evaluated for their ability to simulate the aforementioned cyclic loading behaviors under 
level and sloping ground using single-element DSS numerical simulations. Examples of these 
simulations are illustrated herein and evaluated against the extensive body of experimentally 
based correlations that were presented in Fig. 4. The objective was to evaluate the ability of each 
constitutive model to produce results that are within the range of responses that have been 
observed experimentally for similar soils and conditions. 
 
Cyclic Response for Level Ground Conditions (α = 0) 
 
The first step was performing single-element DSS simulations to obtain the stress-strain 
responses under the reference case of level ground conditions (α = 0). Particularly important is 
the accumulation of shear strains (cyclic mobility) which can be shown to differ amongst 
different constitutive models. 
 

Some models stop accumulating shear strains (locking-up) after reaching ru = 100% (or 
some limiting ru value close to 100%) when there is no static shear stress ratio (α = 0) such that 
the stress cycles are applied symmetrically. Examples of locking and non-locking cyclic stress-
strain responses are shown in Fig. 5 for two related constitutive models; the first model (Dafalias 
and Manzari [12]) locks up at shear strains of about 0.3% (Fig. 5a) whereas the second model 
(Boulanger and Ziotopoulou [13,14], Ziotopoulou and Boulanger [16]) is able to progressively 
accumulate shear strains after ru ≈ 100% first occurs (Fig. 5b). This can affect the definition of 
"triggering" depending on the constitutive model being used. Thus, a triggering criterion for the 
simulations may need to be based on ru for a model that locks up, or on a failure strain amplitude 

Figure 4. Experimental trends between CRR and α depicted in terms of Kα relationships: (a) for
sands at different DR’s and σ'vc < 300 kPa (Harder and Boulanger [3]), and (b) for
sands at different relative state parameter index, ξR , values (Boulanger [4]). 



(e.g., a maximum single amplitude shear strain of 3%) for a model that does not. Note that the 
second model was based on the framework of the first, with modifications to the functional 
forms of the constitutive equations being necessary to improve this and other features of 
behavior for liquefaction response (Ziotopoulou and Boulanger [13,14]). 

 
The ability of a constitutive model to predict some progressive accumulation of shear 

strains for α = 0 conditions, as observed in experimental results (Fig. 2), may or may not be 
important for a specific NDA application. Nonetheless, it is essential that an analyst be aware of 
any such limitations as part of performing an NDA or interpreting its results. 
 
Cyclic Response for Sloping Ground Conditions (α > 0) 
 
Similar to the evaluation of the cyclic response of a constitutive model under level ground 
conditions, single-element DSS simulations should be performed to obtain the stress-strain 
responses under sloping ground conditions. Fig. 6 illustrates such responses for two constitutive 
models under a static shear stress ratio of α = 0.2. 
 

Simulated stress-strain responses for DSS loading of sand with DR = 55%, σ'vc = 100 kPa, 
and α = 0.2 are shown for the model by Yang et al. (PDMY– [9]) in Fig. 6a and the model by 
Boulanger and Ziotopoulou [13,14] in Fig. 6b. The stress paths are both reasonable, showing that 

Figure 5. Stress-strain responses from single-element simulations of undrained cyclic direct
simple shear: (a) using an implementation of the Dafalias and Manzari model [12],
and (b) using the model by Boulanger and Ziotopoulou [13,14]. 

 



ru = 100% (p' = 0) cannot be reached for these dense of critical sands when the cyclic loading is 
insufficient to cause a full shear stress reversal (CSR < α). The peak ru values for the two models 
differ because of their differences in unloading behaviors, with the peak ru values being about 
0.75 for the Yang et al. model and about 0.87 for the Boulanger and Ziotopoulou model as can 
be seen through the two stress paths in Fig. 6. This constitutes a notable difference in the amount 
by which p' is reduced. Both models accumulate shear strains in the direction of the τs, consistent 
with experimental observations, but at different rates per cycle of loading. 

 
Simulation Trends for Sloping Ground Conditions 
 
The trends in simulation results obtained using different constitutive models were expressed in 
terms of their equivalent Kα factors, as illustrated by the following examples. 
 

Single-element DSS simulations using the models by Yang et. al [9] and Boulanger and 
Ziotopoulou [13,14] were repeated for DR = 35, 55, and 75% with σ'vc = 100 kPa to define the 
effect of α  on CRR for a range of DR values. The CRR values were determined for a shear strain 
failure criterion of 3%. The results are presented in terms of equivalent Kα values in Fig. 7a for 
the Yang et al. [9] model and Fig. 7b for the Boulanger and Ziotopoulou [13,14] model. The 
simulated behaviors deviate significantly from the trends observed experimentally (Fig. 4), with 
neither model being able to reasonably reproduce the observed increases in CRR with increasing 
α for DR = 75% or decreases in CRR with increasing α for DR = 35%. 

 

Figure 6. Single-element responses for undrained cyclic DSS loading on sand at DR = 55%, σ'vc

= 100 kPa, and α = 0.2 simulated using: (a) PDMY model by Yang et al. [9], and (b)
PM4Sand model by Boulanger and Ziotopoulou [13,14]. 

 



 
Single-element simulations using two versions of the UBCSAND model were presented by 
Beaty and Byrne [11] to illustrate the improvements in responses obtained with their newer 
version. The equivalent Kα values obtained using the older version 904a, as shown Fig. 8a, 
deviated greatly from the experimentally observed results in Fig. 4. The results obtained with this 
model included significant kinks in the trends and an almost inverted trend for the sands at (N1)60 
values of 10, 15, and 25 (i.e., the curves shift lower with increasing denseness). In contrast, the 
results obtained using the newer version 904aR, as shown in Fig. 8b, are in reasonable agreement 
with the experimentally observed trends of Fig. 4. It is noteworthy that Beaty and Byrne [11] 
identified the limitations in the 904a version during a project involving the seismic analysis of an 
embankment dam, which provides an early example of this particular aspect of model validation. 
The Kα behavior was a critical item at this dam due to the relative magnitudes of the static shear 
stress and cyclic shear stress ratios. The findings of that study were used to guide model 
improvements which resulted in the 904aR version of UBCSAND. As a side note, it must be 
pointed out that for models such as UBCSAND that are periodically updated and modified, it is 
clearly necessary to document both the model name and version when performing an analysis.  
 

Concluding Remarks 
 
The examination of a number of constitutive models for liquefiable soils showed that all models 
present some limitations in replicating the full range of liquefaction behaviors observed in the lab 
and that the simulation of Kα effects is one of the more difficult challenges for many constitutive 
models. These limitations can be particularly important in nonlinear deformation analyses of 
problems involving liquefiable soils under sloping ground conditions. For example, the ability of 
a constitutive model to produce responses similar to the experimentally observed Kα responses 
(Fig. 4) is important for dams because α values are often in the range of 0.1 to 0.3 under both the 

Figure 7. Single-element simulation results for undrained cyclic DSS loading using: (a) PDMY
model by Yang et al. [9] and (b) PM4Sand model by Boulanger and Ziotopoulou
[13,14]. 

 



upstream and downstream shells of a dam. For this reason, it is particularly important that single-
element simulations be used to demonstrate a constitutive model's behavior under these types of 
loading conditions as part of any NDA study for a dam. A constitutive model's ability to 
approximate liquefaction behavior across a range of seismic hazard levels (e.g., different shaking 
intensities and durations) and in-situ stress conditions (e.g., different overburden stresses and 
initial static shear stress ratios) is also important for avoiding bias in numerical simulations for 
performance-based evaluations of geotechnical structures. 
 

In practice, it is important to evaluate any constitutive model's ability to approximate the 
range of behaviors important to a structure's performance. This is usually accomplished by 
comparing simulated responses to a set of applicable design correlations, empirical relationships 
and available experimental data. The present paper illustrates such a comparison for one specific 
aspect of behavior for selected constitutive models. The critical examination of constitutive 
models for liquefiable soils is necessary for identifying weaknesses, fostering improvements, and 
increasing confidence in their use for evaluating the seismic performance of geotechnical 
structures affected by liquefaction. 
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